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Abstract. We answer a long-standing open question by proving in ordinary 
set theory, ZFC, that the Kaplansky test problems have negative answers for 
Ni-separable abelian groups of cardinality Ni. In fact, there is an Ki-scparable 
abelian group M such that M is isomorphic to M©M©M but not to M©M. 
We also derive some relevant information about the endomorphism ring of M. 



Introduction 

Kaplansky pp. 12f] posed two test problems in order to "know when we 
have a satisfactory [structure] theorem. ... We suggest that a tangible criterion 
be employed: the success of the alleged structure theorem in solving an explicit 
problem." The two problems were: 

(I) If A is isomorphic to a direct summand of B and conversely, are A 
and B isomorphic? 

(II) If A © A and B ® B are isomorphic, are A and B isomorphic? 

In fact, he says p. 75]) that he invented the problems "to show that Ulm's 
theorem [a structure theory for countable abelian p-groups] could really be used" . 
For some other classes of abelian groups, such as finitely-generated groups, free 
groups, divisible groups, or completely decomposable torsion-free groups, the exis- 
tence of a structure theory leads to an affirmative answer to the test problems. On 
the other hand, negative answers are taken as evidence of the absence of a useful 
classification theorem for a given class; Kaplansky says "I believe their defeat is 
convincing evidence that no reasonable invariants exist" p. 75]. Negative an- 
swers to both questions have been proven, for example, for the class of uncountable 
abelian p-groups and for the class of countable torsion-free abelian groups. 

Of particular interest is the method developed by Corner (cf. [0, [§],|§]) which, 
by realizing certain rings as endomorphism rings of groups, provides negative an- 
swers to both test problems (for a given class) as special cases of an even more 
extreme pathology. More precisely. Corner's method — where applicable — yields, 
for any positive integer r, an abelian group Gr (in the class) such that for any 
positive integers m and fc, the direct sum of m copies of Gr is isomorphic to the 
direct sum of k copies of Gr if and only if m is congruent to k mod r. (See, for 
example, |^] or Thm 91.6, p. 145].) Then we obtain negative answers to both 
test problems by letting A = G2 G2 ® G2 ® G2) and B = G2 © G2. 
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Our focus here is on the class of Ki-separable abehan groups (of cardinahty Hi). 
We will prove, in ordinary set theory (ZFC), that both test problems have negative 
answers by deriving the Corner pathology: 

Theorem 0.1. For any positive integer r there is an 'Ri-separable group M = Mr 
of cardinality Hi such that for any positive integers m and k, M™ is isomorphic to 
M*' if and only if m is congruent to k mod r. 

(Here M™ denotes the direct sum of m copies of M.) We do not determine the 
endomorphism ring of M, even modulo an ideal. However, we can derive a property 
of the endomorphism ring of M which is sufficient to imply the Corner pathology: 
see section ^. 

A group M is called Hi-separable jl^, p. 184] (respectively, strongly Hi-free) 
if it is abelian and every countable subset is contained in a countable free direct 
summand of M (resp., contained in a countable free subgroup H which is a direct 
summand of every countable subgroup of M containing H). Obviously, an Ki- 
separable group is strongly Ki-free, so a negative answer to one of the test problems 
for the class of Ki-separable groups implies a negative answer to the problem for 
the class of strongly Ki-free groups. (It is independent of ZFC whether these classes 
are different for groups of cardinality Ki: the weak Continuum Hypothesis (2^" < 
2*^1) implies that there are strongly Hi-free groups of cardinality Hi which are 
not Ki-separable; on the other hand, Martin's Axiom (MA) plus the negation of 
the Continuum Hypothesis (^CH) implies that every strongly Hi-free group of 
cardinahty Ki is Hi -separable; cf.Q ) 

Dugas and Gobel ||| proved that ZFC + 2^« < 2^i implies that the Corner 
pathology exists for the class of strongly Hi-free groups of cardinality Hi; in fact, 
they showed that there is a strongly Hi-free group G whose endomorphism ring is 
an appropriate ring (the ring A = Ar of the next section). (See also ||l^.) This 
group G cannot be Hi-separable since the endomorphism ring of an Hi-separable 
group has too many idempotents. However, Thome (|^ and |2^) showed that ZFC 
plus V = L (Godel's Axiom of Constructibility) implies the Corner pathology for 
Hi-separable groups of cardinality Hi; he did this by constructing an Hi-separable 
G such that End(G') is a split extension of ^ by / (in the sense of p. 277]), 
where / is the ideal of endomorphisms with a countable image. 

It follows from known structure theorems for the class of Hi-separable groups of 
cardinality Hi under the hypothesis MA + -iCH that the Dugas-Gobel and Thome 
realization results are not theorems of ZFC (cf. Q] or |0 ) . The fact that there are 
positive structure theorems for the class of Hi-separable groups assuming MA + 
^CH or the stronger Proper Forcing Axiom (PFA) — see, for example, ^ or — 
led to the question of whether the Kaplansky test problems could have affirmative 
answers for this class assuming, say, PFA. Thome ||2l[ gave a negative answer to the 
second test problem in ZFC, using a result of Jonsson for countable torsion-free 
groups; however, till now, the first test problem as well as the Corner pathology 
were open (in ZFC). 

Our construction of the Corner pathology involves a direct construction of the 
pathological group M using a tree-like ladder system and a "countable template" 
which comes from the Corner example for countable torsion-free groups. A key role 
is played by a paper of Gobel and Goldsmith which — while it does not itself 
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prove any new results about the Kaplansky test problems for strongly Hi-free or 
Hi-separable groups — provides the tools for creating a suitable template from the 
Corner example. 



Fix a positive integer r. For this r, let A — Arhc the countable ring constructed 



Then A is free as an abelian group, and aopo, cTrPr are pairwise orthogonal 
idempotents. Moreover, if M is a right A-module, then M = MctoPo © Maipi © 
...(BMarPr and Maipi = M because UiPiUi : M MuiPi and pi<JiPi : MuiPi — > M 
are inverses; therefore M = Af^^. 

Our construction will work for any countable torsion-free ring A whose additive 
subgroup is free; but hereafter A will denote the ring A^ just defined. 

Corner shows that there is a torsion-free countable abelian group G whose en- 
domorphism ring is A; thus G is an A-module and hence G = G'^'^^. Furthermore, 
he shows that G^ is not isomorphic to G" ifl<£<?T,<r, and hence G™ is not 
isomorphic to G^ if m is not congruent to k mod r. We shall require these and 
further properties of G, which we summarize in the following: 

Proposition 1.1. There are countable free A-modules B C H such that G = H / B 
and B is the union of a chain oj free A-modules, B = IJjjgf^ -B„, such that Bq — 
and for all n G uj, H/B^ and B^+i/ B^ are free A-modules ofrankuj. Moreover for 
any positive integers m and k, if m is not congruent to k mod r, then G™ ® Z*-'^-' 
is not isomorphic to G^ ® Z'-'^-'. 

The main work in proving Proposition will be done in two lemmas from [|l3| . 
For the first one, we give a revised proof (cf. p. 343]). We maintain the 

notation above. 

Lemma 1.2. The group G is the union, G = 1J„>]^ G„, of an increasing chain of 
free A-modules. 

Proof. By ||, p. 699] G is the pure closure (Gi)^ in of a free A-module Gi — 
CiA © A containing A. Here A is the natural, or Z-adic, completion of A 
(cf. 0, p. 692]). We wiU define inductively G„ 0ie/ ei,„v4 A such that 
Gn ^ G„_i and for all i G I, rtei,„ -\- A = Ci^n-i + A. Let ej,i — Ci for all i € I. 
If G„_i C G has been defined for some n > 1, then since A is dense in A, there 
exists Ci^n € A such that nei_„ -\- A = ei,n-i + A; say nei_„ — ei,n-i + Oi. By 
the definition of G, ei,„ G G. We need to show that {ei.„ : i G /} U {1} is A- 
linearly independent. Suppose that Si£/ei_„Ci + 1 • cq = for some cq, c; G A. Then 
Sig/nei,„Ci -I- nco = 0, so Sig/ei,„_iCj -I- 1 • (Sig/ajQ -|- nco) = 0. By the ^-linear 
independence of {ci^n-i : ? G /} U {1}, we can conclude that each Ci equals and 
hence also cq equals 0. This completes the definition of G„. 



1. The COUNTABLE TEMPLATE 




and 
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It remains to prove that G C G„. Let g G G \Gi. For some n > 1, 

ng 6 Gi. We claim that g G G„. Since ng G G„_i, nt; = Eig/ei^n-iQ + co for some 
Ci, Co G A. Then 

ng = Y,i(zi{nei^n - CLi)ci + co = nE,;g/ei,„Cj + a' 

for some a' G A. Since A is pure in A, a' = ria" for some a" G A. Thus g — 
TiifziCi^nCi + a" G G„. □ 

The second lemma is proved in ]T^ , Lemma 2.5] generalizing a result in Lemma 
XIL1.4]. We state it here for the sake of completeness. 

Lemma 1.3. Let G be a countable A-module which is the union, G ~ Un>i ^n, 
of an increasing chain of free A-modules, then there exist countable free A-modules 
B C_ H such that G ^ H/ B and B is the union of a chain of free A-modules, 
B = lJn>i -^'i' '^f^/i that for all n > 1, H/Bn and _B„+i/_B„ are free A-modules. □ 

PROOF OF Proposition The existence of H, B, and the Bn is now an 



immediate consequence of Lemmas |1.2| and |1.3| . All that is left to show is that if m 
is not congruent to k mod r, then G™ © Z^'^Ms not isomorphic to G*^ ® Z*^"\ Since 
G™ is not isomorphic to G*^, it is enough to show that i?z(G' ® Z'^^^) — G' for any 
/ G LO. Here RziN) is the Z-radical of TV, that is, RziN) = n{ker(v3) -.ip-.N^Z}. 
(See, for example, [§ pp. 289fl.) To show that i?z(G' © Z^'^)) = G' it is enough 
to show that Hom(G',Z) = 0, or, equivalently, Hom(G, Z) = 0. This follows 
from Observation 2.7 of fl^, but we give here a self-contained argument based 



on the notation of Lemma 1.2. Suppose ip G Hom(G, Z); we can regard 4^ as 
an endomorphism of G by identifying Z with the subgroup (1) of A C G which 
is generated by the unit 1 of A. Since the endomorphism ring of G is A, there is 
a € A such that ipid) = go- for all g ^ G. By considering ■0(1) = la = a, we see that 
a G (1). Now consider i^{ei) for any d; since tp{ei) = e^a and since CiAn (1) = {0} 
we see that a — 0. O 



2. The main construction 

' ' For 



Fix a positive integer r and let A, H, B, Bn and G be as in Proposition 1.1 
each rt G a;, fix a basis + i?„ : i G w} of Bn+i/Bn (as A-module). Also, fix a 
set of representatives {hi : i E oj} for H/B where hg = 0; thus each coset h + B 
equals hi -\- B for a unique i € to. 

Fix a stationary subset E of lui consisting of limit ordinals and a ladder system 
{rjs : 5 G E}. That is, for every S in E, rjg : lu S is a strictly increasing function 
whose range is cofinal in S; we shall also choose rjs so that its range is disjoint 
from E. Furthermore, we choose a ladder system which is tree-like, that is, for all 
5,j E E and n,m G uj, ris{n) = 7]^{m) implies that m = n and ris{l) — rj^il) for all 
I < n (cf. g pp. 368, 386]). 

Inductively define free A-modules {(3 < uji) as follows: if /3 is a limit ordinal, 
Mi3 = \J^^p Ma, if (3 ^ a + 1 where a ^ E, let 
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li [3 — S + 1 where 6 ^ E, define an embedding ls : B ^ Ms by sending the basis 
element hn,i to a;^^(„) i. EssentiaUy Mg+i wiU be defined to be the pushout of 

Ms 

T i^s 

B ^ H 

but we will be more explicit in order to avoid the necessity of identifying isomorphic 
copies. Let ys,o = and let {ys^i ■ i G cj\ {0}} be a new set of distinct elements (not 
in Ms). Then define Ms+i to be {ys,i + u : u G Ms, i S w} where the operations 
on Ms+i extend those on Ms and are otherwise determined by the rules 

ys.i + ys,] = ys.k + Lsib) if hi + hj=hk + b 
ys,ia = ys,t + i-s{b) if Ka = hi + b 

where b £ B and a € A. Then there is an embedding 9s : H Ms+i extending ls 
which takes hi to ys.i and induces an isomorphism of H/B with Ms+i/Ms- 

This completes the inductive definition of the Mp. Let M = U/3<i^i ^^P- Note 
that it follows from the construction that every element of M has a unique repre- 
sentation in the form 

s t 

3=1 1=1 

where 5i < 82 < ■■■ < Ss are elements of E, rij E uj\ {0}, G cji \ E, ig G w, 
a£ G A, and the pairs (ai^ii) {£ — 1, ■■■,t) are distinct. 

Since M is constructed to be an A- module, M is isomorphic to Af"*"^. We claim 
that 

(I) M is Hi-separable; in fact for all a < oji, Ma+i is a free direct 
summand of M . 
Assuming this for the moment, we can show that 

(ft) Af ™ is not isomorphic to M^ if m is not congruent 
to k mod r. 

In brief this is because Af™ and M^ are not quotient-equivalent (cf. j|, pp. 251f]) 
since for all 5 € E, {Ms+i/Ms)"" © Z^'^) is not isomorphic to {Ms+i/Msf © Z^'^) 
by Proposition ^T^. In more detail, if there is an isomorphism ip : Af™ — > M^ , then 
there is a closed unbounded subset C of loi such that for (3 G C, (/^[Af™] = M^. 
Since E is stationary in uji, there exist d G C Ci E; choose (3 > 6 such that (3 G C. 
Then ip induces an isomorphism of MJ^ /M^^ with Mj^/Mg. Since Mi^/Ms+i is free 
(of infinite rank) by (f), we can conclude that 

(Ms+i/Msr ® Z^"' = (Mr+^/Mp) © (Mjp/M^^^) ^ MJ^'/Mp = Mjl/M^ 
^ {Ml^JMl) © (M^/M^^^) ^ {Ms+i/Msf © Z(-) 

which contradicts Proposition |l . l| . 

We are left with the task of proving {]). First we shall show that each M^+i 
is a direct summand of M by defining a projection tTq of M onto A^q+i (that 
is, tTqIAz/q+i is the identity). For every integer k there is a projection pk H ^ 
Bk+i since H/Bk+i is free. Given a, for each 6 G E with S > a, let A:^ be the 
maximal integer k such that rjsik) < a. For each 6 G E, we let tTq, act like pks 
on the isomorphic copy, 9s[H], of 77. More precisely, for each element z of 9s[H], 
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define na{z) to be 9s{pks{(^5^ i^)))', if ^ [ji^'^^ivs) ■ S e E} and > a, define 
TTaixii^i) = 0. Extend to an arbitrary element of M by additivity; this will define 
a homomorphism on M provided that tTq, is well-defined. It is easy to see, using 
the unique representation of elements, that the question of well-definition reduces 
to showing that the definition of TTaix/^^i) for x/sa S Os[H] is independent of 6. If 
/3 < a, then TTa{xf3^i) = xp^i. Say (3 > a and P = ris(n) = rj^in); by the tree-like 
property, rjsim) — rj^im) for all m < n, and hence ks — k^. Hence iTaix^^i) is 
well-defined because pk^ = Pk^ and thus 05{pksiQ~s^{xi34))) = 9j{pk^{0~^{xf:).i))). 

It remains to prove that each Mjs is Hi-free (as abelian group). Since A is free 
as abelian group, it suffices to show that Mg+i is a free A-module for every S € E. 
We will inductively define Sn so that 

B= [j Snii {x^,, : 1/ e <5 \ (£; U |J{ran(7?^) : p e E n {5 + 1)}), i E iv} 

is an ^-basis of Mg+i. Let 5*0 be the image under 9s of a basis of H. Fix a 
bijection -0 : uj ^ E {^5-, also, for convenience, let = 5. Suppose that Sm has 

been defined for to < n so that IJm<rt ^-linearly independent and generates 

: —1 < TO < n}. Let 7 = ip{n) and let A: = fc„ be maximal such that 
ri~f{k) = r]^im)ik) for some — 1 < m < n. Notice that {x^j^^iyi : £ < k,i E ui} is 
contained in the ^-submodule generated by Um<n'^™- Since H/Bk+i is A-free, 
we can write H — Bk+i © Ck for some ^-free module Ck (= ker(/9fe)); let Sn+i be 
the image under 9^ of a basis of Ck- This completes the inductive construction. 
One can then easily verify that B is an ^-basis of M^+i; indeed, the fact that 
Um<n i^ A-linearly independent can be proved by induction on n, using the 

unique representation of elements of M to show that if ^i^i ^ ^Um<n ^ni^i 

where zi, Zr are distinct elements of S'n+i, then ai — for all i = 1, r. 



3. The endomorphism ring of M 

While we cannot show that End(M) is a split extension of A by an ideal, we 
can obtain enough information about End(M) to imply the negative results on the 
Kaplansky test problems. (A similar idea is used in [|9[ p. 118].) 

The ring A is naturally a subring of End(M). We say that A is algebraically 
closed in End(M) when every finite set of ring equations with parameters from A 
(i.e., polynomials in several variables over A) which is satisfied in End(M) is also 
satisfied in A. 

Proposition 3.1. If A = A^ is as in section 1, and A is algebraically closed in 
End(M), then for any positive integers m and k, M™ is isomorphic to if and 
only if m is congruent to k mod r. 

Proof. Since M is an ^-module, M ^ 1/'"+^. If is isomorphic to M" where 
1 < £ < n < r, then ^I^iPi — Yl^i=i ^^^iPi^ so by Lemma 2 of there are 

elements x and y of End(Af ) such that xy = X]i=i '^iPi ^'^'^ ~ SiLi (^iPi- So by 
hypothesis, such elements x and y exist in A. We then obtain a contradiction as in 
i p. 45]. □ 

Proposition 3.2. If M is defined as in section 2, then A is algebraically closed in 
End(M). 
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Proof. For any <t G End(A/), there is a closed unbounded subset of uJi such 
that for all a G Co-, cr[MQ] C Ma- For any (Ti,...,(t„ in End(M), choose a < /? 
in C'ai n ... n Ca^ so that also a € E. Then each ai induces an endomorphism, 
also denoted ai, of Mp/Ma- The endomorphism ring of Mp/M^ is End(G Z(")) 
and restriction to G defines a natural homomorphism, tt, of End(G © Z^'^') onto 
End(G) = A because Hom(G, Z^'^)) =0. If = a G A (regarded as an element of 
End(M)), then 7r(a) = a. Hence if ai,...,ara satisfy some ring equations over A, 
then so do 7r((Ti), 7r(crm). □ 



Propositions 3.1 and 3.2 provide an alternative proof of (ft). 
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